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The motion of tapered fiber probes was studied both theoretically and experimentally. A
continuum-mechanical model, including both the intrinsic and the external loss, is proposed to
account for the vibration dynamics of the probe. The intrinsic loss was found to be the dominant
damping factor experimentally. Analytical solutions based on a realistic probe geometry were
obtained for the model in the presence of intrinsic loss. The results are compared with the measured
overall motions of the tapered probe. The calculations agree well with the experimental results.
© 1997 American Institute of Physics. @S0021-8979~97!05704-6#I. INTRODUCTION
Recently shear force feedback has served as a standard
method for the probe–sample distance regulation in near-
field scanning optical microscopy ~NSOM!.1 In a typical
shear force sensing system, a piezoelectric actuator drives
the tapered fiber probe into small dither vibration near its
resonance. The probe is positioned perpendicularly to the
sample surface and its vibration takes place parallel to the
surface. As the probe approaches the sample, an interaction
force between the probe and the surface causes a detectable
reduction in dither amplitudes and alteration in dither phases.
The signals of the amplitude and the phase are fed into a
feedback circuit that regulates the probe-to-sample distance,
on the order of a few tens of Å.2,3 The distance regulation
enables the use of evanescent waves for high resolution im-
aging. In addition, topographic images of the sample are gen-
erated by recording the feedback signal during an entire scan.
Although the shear force feedback is commonly used,
the vibration dynamics of tapered fiber probes are not well
understood. Previous articles have described the motion of
the probe by damped harmonic oscillator models,4,5 but they
are only approximations. A recent article by Wetsel, Jr.,
et al. has proposed a continuum-mechanical equation to de-
scribe the dynamics of a nontapered fiber probe.6 However,
the tapered shape has a significant influence on the probe’s
motion and the realistic tapered shape must be included in
the model. It is also important to incorporate realistic damp-
ing in the model to account for the loss of the motion. Both
the intrinsic loss of the probe and external loss, due to air
resistance, should be taken into account.7 In this article, the
relative importance of these two damping terms is examined.
In addition, analytical solutions were obtained for a tapered
probe when internal damping dominates. Finally, the calcu-
lation will be compared with experimental data to examine
the validity of this model.
II. CONTINUUM-MECHANICAL MODEL
To calculate the vibration motion of a tapered fiber
probe, a continuum-mechanical model was developed. The
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is along the z direction and the dither motion is in the x
direction. The equation for small transverse vibration of a
beam without damping terms is8
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where E is the Young’s modules, 63 Gpa, r is the fiber
density, 2.2 g/cm3, R is the diameter of the beam, I is the
moment of inertia and is equal to 14pR4. Notice that the
above equation is derived assuming that the transverse dis-
placement is small compared to the length of the rod. The
cross section of the beam can be a variable. Thus, the equa-
tion is valid for the tapered fiber probe, i.e., a beam with
variable cross section, R5R(z). For an untapered probe,
R5R05constant, Eq. ~1! is reduced to the well-known beam
equation
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In real situations, Eq. ~1! should include damping terms to
account for loss. There are two kinds of damping sources.
One is the intrinsic loss of the vibrating beam. The other is
the external loss due to air resistance.
The intrinsic loss for cyclic loading of solids under small
strain amplitudes is usually referred to as internal friction or
imperfect elasticty.9 A simple model accounting for the in-
trinsic loss is to consider the generalized relation between
stress and strain9,10
s5Ex1m
dx
dt 5ES x1a dxdt D , ~3!
where s is the stress, m is the internal frictional coefficient,
and a is the intrinsic loss factor. Thus, the damping term
associated with the internal friction can be incorporated into
Eq. ~1! by simply replacing the Young’s modules, E , by
E(11ad/dt). For the external loss, the damping force can
be assumed to be proportional to the cross section and the
velocity162323/5/$10.00 © 1997 American Institute of Physics
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f52hR dxdt , ~4!
where h is the damping coefficient. Hence, the completed
equation for the vibration beam is
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It is interesting to compare the relative contribution of
the air resistance and the internal friction to the quality fac-
tor, Q , of the tapered probe. A direct method to distinguish
these two factors is to measure the resonant spectrum in
vacuum and air. The experiment was performed in a chamber
that can be evacuated. The NSOM tips were mounted at the
end of a small tube dither piezo ~PZT-5A, 1/8 in.L31/8 in.O
30.01 in.wall!. The vibrational motion of the tip on reso-
nance was recorded using a CCD camera through an optical
microscope. An impedance analyzer ~HP4194A! was used to
measure both the magnitude and the phase changes of the
dither piezo impedance near tip resonances.11 We have veri-
fied that, for a given resonance, the tip motion is largest
when the drive frequency corresponds to the peak of the
phase change. Initial measurements were performed with the
chamber at atmospheric pressure. Subsequently the chamber
was evacuated to a pressure of ;1023 Torr. Tip motions and
piezo impedance were measured in vacuum. The measure-
ments were repeated after the chamber was vented. Figure 1
shows the phase of the dither piezo impedance11 in air and
vacuum between 60 and 62 kHz for a tip. The spectra in air
and in vacuum are very similar, with slight changes in fre-
quency and magnitude of the piezo impedance phase. Note
that Fig. 1 shows that the resonant frequency in vacuum is
lower than that in air. We performed the experiment using
several probes at different resonant frequencies and found
that the resonant frequency can shift in either direction or
stay unchanged in vacuum. While currently we do not know
the physical causes for these small frequency shifts ~,0.2
FIG. 1. Resonant spectrum of a NSOM probe in air and in vacuum. Solid
line represents data taken before pump down. Dotted line represents data
taken in vacuum. Dashed line represents data taken after the chamber was
vented.1624 J. Appl. Phys., Vol. 81, No. 4, 15 February 1997
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measurement artifacts. In all cases, the Q of a given reso-
nance differs by ,20% from air to vacuum. Hence, we con-
clude that the dominant damping mechanism for tapered
probes at room temperature is the internal friction. The ex-
ternal resistance due to air plays only a minor role. There-
fore, the external damping term in Eq. ~5! can be dropped,
and the vibrational motion of the tapered fiber probes then
can be described by
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It should be noted that the Q of microfabricated atomic force
microscope ~AFM! cantilevers is reported to increase signifi-
cantly in vacuum.12 Since we observed very small changes in
Q between air and vacuum for tapered fiber probe, the main
mechanism which determines the resonant behavior is differ-
ent between NSOM tips and AFM cantilevers.
III. THEORETICAL CALCULATIONS
Figure 2~a! shows an optical micrograph of a typical
tapered fiber probe used in NSOM. The image was viewed
under a 1003 microscope. The probe was fabricated from a
125-mm-diam single mode fiber. The total length of the
probe is 2.2 mm and the tapered part is about 780 mm long.
The tip size of the fiber end measured by scanning electron
microscopy is about 100 nm, and the thickness of the Al
coating is also around 100 nm. Figure 2~b! is a schematic
representation of the probe shape used in the calculations. At
z5L52.2 mm, the probe is clamped and driven by a piezo.
At z50, the probe is free. According to Fig. 2~a!, the tapered
region ranges from z50 to z5l0 ; l0 is chosen to be 0.35L .
For the tapered region, the radius R(z) is modeled by a para-
bolic curve
R~z !5R0~z1p !2/q2 for z,l0 , ~7!
where
p5l0Ar0R0 S 12Ar0R0D
21
, q5l0S 12Ar0R0D
21
,
where r0 is the radius at the free end and R0 original fiber
radius. Since the Young’s modulus for Al, 70.6 GPa, is close
to that of fiber, the effect of Al coating was included in the
calculation by assuming tip size to be 300 nm. Hence, r0 is
FIG. 2. Tapered profiles of ~a! an actual probe imaged under a 1003 mi-
croscope and ~b! a model used in the calculation. The tapered region is
approximated by a parabolic curve.Yang et al.
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equal to 0.0024R0 . Comparison of Fig. 2~b! with 2~a! clearly
shows that the shape used in the model closely resembles the
actual probe.
Since the probe is driven by a sinusoidal signal, x can be
replaced by eivtu(z) and Eq. ~6! becomes
]2
]z2 FEI ]
2
]z2
~11iav!uG2rpR2v2u50. ~8!
In the untapered region, Eq. ~8! yields
]4u
]z4
5k4u ,
~9!
k45S 4v2rER02~11iav! D .
The solutions in the untapered region are well known and
given by
u~z !5c1 cos kz1c2 sin kz1c3 sinh kz1c4 cosh kz .
~10!
In the tapered region, direct substitution of the form of
R(z) in Eq. ~7! into Eq. ~8! leads to
]2
]z2
~z1p !8
]2
]z2
u5k4q4~z1p !4u . ~11!
By change of variable z to z85z1p , Eq. ~11! becomes
z88
]4u
]z4
116z87
]4u
]z3
156z86
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]z2
5k4q4z84u . ~12!
This equation is just an Euler’s equation which has the ana-
lytic solutions
u~z !5d1~z1p !n11d2~z1p !n21d3~z1p !n31d4~z1p !n4,
~13!
where n1 ,n2 ,n3 ,n4 are the roots of the equation that satisfy
n~n21 !~n15 !~n16 !5a with a5
4v2rq4
ER0
2~11iav!
.
~14!
The solutions of n’s are represented as
n15
251A~3714A91a!
2
,
n25
252A~3714A91a!
2
,
~15!
n35
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2
,
n45
252A~3724A91a!
2
.
In summary, the solutions for the entire tapered probe can be
expressed asJ. Appl. Phys., Vol. 81, No. 4, 15 February 1997
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1c4 cosh kz , l0<z<L ,
~16!
u~z !5d1~z1p !n11d2~z1p !n21d3~z1p !n3
1d4~z1p !n4, 0<z,l0 .
The coefficients c1 ,c2 ,c3 ,c4 ,d1 ,d2 ,d3 ,d4 can be deter-
mined by the boundary and continuity conditions. At z5L ,
the probe is driven by piezo and clamped, so boundary con-
dition ]zxuz5150 is imposed. At z50, the probe is free; thus
the second and third derivative is set to be zero, i.e.,
]z
2xuz5050 and ]z3xuz5050. At z5l0 , the value of x and its
first, second, and third derivatives should be continuous. In
total, there are seven boundary conditions for eight unknown
coefficients. The last free coefficient can be fixed by the
vibration amplitude at the driven end.
IV. EXPERIMENTS
To compare the above analytic solutions with the real
vibration motions of tapered probes, the full motion of the
tapered fiber was studied experimentally. The vibration am-
plitude was measured by a modified beam diffraction method
reported previously.13 In this method, the equilibrium posi-
tion of the tip is set to move parallel to the direction of the
vibration. Hence, both ac and dc amplitudes of the diffracted
light vary with the equilibrium position changes. The ratio of
ac amplitude to the derivative of dc amplitude gives the ac-
tual amplitude of the probe vibration,
Dx~z !5
ac~z !
derivative of dc~z ! . ~17!
If the position of the focus spot moves along the height of
the probe, the vibration amplitudes at different points of the
probe are measured. Subsequently, the vibration profile of
the whole probe can be reconstructed.
The dither actuator used here is a piezo tube ~PZT-5H,
Morgan Matroc Inc.! 2.5 mm thick and 1.75 cm long. A
stepping motor was used to move the probe in the x direc-
tion. A translation stage was used to move the tapered probe
in the z direction. For the tapered region, a He–Ne laser
beam was focused by an objective to a size about 7 mm on
the probe to measure the vibration. The measurements were
performed at an interval of 10 mm in the z direction. In the
untapered region, we replaced the objective with a lens and
the focus spot size was about 70 mm. With the rather large
focus spot, data were taken at intervals of 100 mm in the
untapered region. The dc and the ac components of the dif-
fracted light were measured simultaneously using a lock-in
amplifier.
Figure 3 shows the dc and ac amplitudes measured at
two different positions, ~a! z540 mm and ~b! 1.28 mm. The
fiber probe vibrated near its lowest resonant frequency, 49.9
kHz, and had a quality factor of 45.6. The dc signal is fitted
by a Gaussian to calculate its derivative. The ac amplitude is
then fitted by the absolute value of this Gaussian distribu-
tion’s derivative times a proportional constant. This constant
is the vibration amplitude at the monitor position. We re-
peated the measurements five to ten times at each point and1625Yang et al.
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estimated that the error is within 5%. Note that the amplitude
near the probe end, ;100 nm, is larger than the typical value
used in shear force microscopy. If the probe was driven by a
smaller voltage, the vibration amplitude in the untapered re-
gion would be too small to measure. However, the linearity
between the amplitude and the applied voltage has been care-
fully verified.
V. RESULTS AND DISCUSSIONS
In Fig. 4, the open circles show the measured vibration
amplitudes of the whole tapered fiber. The solid line is the
calculation using Eq. ~6! with a54.231025 s and u(L)54.8
Å. The intrinsic loss factor is chosen to match the quality
factor. The driven amplitude u(L) is determined by match-
ing the vibration amplitude at the free end. The theoretical
curve agrees well with the experimental results. The behav-
ior of the vibration motion in the tapered and untapered re-
gions is different. In the untapered part, the vibration ampli-
FIG. 3. Direct measurements of the vibrational amplitudes at two different
positions on the same probe. The dc signals ~dashed line!, the corresponding
Gaussian fit ~full line!, the ac signals ~dot line!, and the corresponding
Gaussian derivative fit ~full line! are shown for ~a! z540 mm, at the tapered
part of the probe. ~b! z51.28 mm, at the untapered part of the probe. The
corresponding vibrational amplitudes are 103 and 20.9 nm, respectively.
FIG. 4. The overall motion of the probe. The open circles are the experi-
mental data and the solid line is the calculation result.1626 J. Appl. Phys., Vol. 81, No. 4, 15 February 1997
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In the tapered part, the bending of the profile is more sub-
stantial.
The tapered shape has profound influences on the dy-
namics of the probe. Both the vibration amplitude and the
lowest resonant frequency change dramatically. The tapered
part enlarges the tip’s vibration amplitude. The amplification
factor, u(0)/u(L), is 258 for the tapered fiber. But for an
untapered fiber with the same quality factor and total length,
the amplification factor is only 128. Qualitatively it is easier
to vibrate a thin beam than it is to vibrate a thick one. In
addition, the lowest resonant frequency of the probe calcu-
lated from the model is
0.66
R0
L2
AE/r ,
in contrast to that of an untapered probe,
0.28
R0
L2
AE/r .
The numerical factor, 0.66, was obtained by using the shape
in Fig. 2 and thus depends on the geometry of the probe. The
increase of resonant frequency results from two competing
effects. Effectively, tapering reduces both the radius and the
length of the probe. The smaller radius decreases the reso-
nant frequency while the shorter length increases the reso-
nant frequency. The calculations indicate that the effect of
the beam length contributes more than the radius change.
Thus overall the resonant frequency increases when the
probe changes from untapered to tapered. Higher frequency
is good from the point of the signal-to-noise ratio in shear
force microscopy. A higher resonant frequency can be
achieved either by increasing the tapered length or shorten-
ing the total probe length. To examine the increase of reso-
nant frequency with tapered length, we have used Eq. ~8! to
calculate the frequency responses of various tapered fiber
probes. The calculation parameters are the same as those in
the previous section; only the tapered length was changed.
The tapered length ranges from 100 to 1000 mm long. Figure
5 shows the calculated fundamental resonant frequencies as a
function of the tapered lengths. The results indicate that the
FIG. 5. The resonant frequency vs the tapered length. The total length of
probe is 2.2 mm. The tapered part ranges from 100 to 1000 mm.Yang et al.
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resonant frequency is a quadratic function of the tapered
length. However, it should be noted that shorter tapered
length can provide better optical throughput for the near-field
probes.14
VI. CONCLUSIONS
In conclusion, a model which includes both intrinsic loss
and external resistance is used to describe the vibration of
tapered fiber probes. It is found empirically that the intrinsic
damping is the dominant loss mechanism for these probes at
room temperature. In this case, the continuum mechanical
equation can be analytically solved for a realistic loss factor
and tapered shape. The calculated vibration profile was con-
sistent with the experimental measurements. The tapered
shape has a profound influence on the bending of the probe.
It significantly amplifies the tip’s vibration amplitude and
increases the lowest resonant frequency. By changing the
boundary conditions at the tip end, this model can be applied
to the problem of probe–sample interactions in shear force
microscopy. Such studies are currently in progress.
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